The imaging performance of microchannel plate (MCP) detectors of photons and charged particles depends on the angular and energy distributions of the electrons in the output charge cloud. Measurements of these distributions are sparse and do not cover the full range of MCP operating parameters (input current, bias voltage, electrode design, channel length and channel diameter).
Introduction
The spatial resolution and image linearity of microchannel plate (MCP) imaging detectors using 'progressive geometry' position encoders depend on the energy and angular distributions of the electrons in the output charge cloud. The charge 'footprint' on the readout element must be matched to the repeat pattern of the encoder in order to avoid distortion. Energetic electrons in the charge cloud may also reduce image quality by enlarging and distorting the footprint through secondary electron emission from the anode [1] [2] [3] . MCP electron energy distributions may be measured by varying the retarding electric field between a collector plate and the MCP output surface and recording the MCP output current [4] [5] [6] [7] . Angular distributions may be obtained by moving a small (B1 Â 10 @4 sr) detector-analyser through a range of solid angles around the output of the active channel [8, 9] . The available experimental data, however, is sparse. In summary:
(i) For a fixed channel geometry (pore diameter D, channel length L) Bronshteyn et al. [9] report that the width of the ADOE increases with MCP bias voltage V o ; Tyutikov and Tsoi [8] find the contrary dependence. (ii) The width of the ADOE decreases slowly with the depth of the nickel-based electrode penetration ('endspoiling') into the channel from the exit face. (iii) The high energy tail of the EDOE is suppressed by operation in current saturation mode where the signal current I c is a significant fraction of I s , the standing current in the plate.
We now describe a Monte Carlo model of the electron avalanche in a single two dimensional microchannel which we have used to systematically investigate the dependence of the ADOE and EDOE on D, L=D, V o , I c =I s and h, the extent of electrode endspoiling. Regarding previous simulations, the early results of Guest [10] give a good approximation to EDOE data, but make no angular predictions. More recently Antonov et al. [11] , Suzuki and Konno [12] and Choi and Kim [13] [14] [15] [16] [17] [18] [19] yield no information on ADOE or EDOE.
Model
The model of the working channel has two elements: the representation of the electron emission process from the channel wall (Sections 2.1-2.3) and the calculation of the channel electric field (Section 2.4) in which electron trajectories are tracked (Section 2.5).
Secondary electron yield d
A microchannel plate electron multiplier is based on secondary electron emission (SEE). A charged particle or energetic photon incident on a channel wall near the channel entrance will excite secondary electrons into vacuum. A bias applied along the length of the channel then accelerates these secondary electrons down the channel where they themselves will strike the wall. Provided the electron collision energy K c exceeds eV 1 where V 1 (B30 V) is the first cross over potential, an avalanche propagates, as indicated in Fig. 1 .
According to the two dimensional channel model of Adams and Manley [14] 
where K e is the secondary electron emission energy and y is the angle of emission of the electron with respect to the channel surface. L=D is the channel length to diameter ratio. To zeroth order, K c is a measure of the maximum electron energy in the EDOE. Assuming electron emission normal to the wall, K c and a are constants, and the channel gain G is given by
where d is the secondary electron yield coefficient of the surfaceFthe mean number of secondary electrons emitted per incident primary. The semi-empirical models of Burke [20] , Dekker [21] and Hill [22] suggest that the yield for normal incidence primaries is
where P s ð0Þ is the surface escape probability, e is the energy to create a secondary electron in the material, L s is the secondary electron escape length and R p is the range of the primary in the glass. One A A, e¼ 6:65 eV. The increase of d with decreasing grazing angle of incidence a comes from a reduction in the distance below the surface that the secondaries are created. Guest [10] and Boucharde and Carette [26] suggest that
where pðK c Þ=0.7664@1.533 exp(@3.598 K c ), with K c in keV. Fig. 2 shows the resulting secondary electron yield function for MCP glass.
A fraction R of the incident primaries are elastically scattered back into the vacuum. The lead glass data of Goff and Hendee [27] indicate that R{d(R=0.17 for a=201 and a primary energy of 51 eV; R=0.05 for a=901 and an energy of 300 eV) and so backscattering is neglected in the calculations below.
Electron emission energies
The energy distribution of the secondaries produced by primary electron bombardment of lead silicate glass has been thoroughly investigated experimentally [22, 24] . The relative probability of electron emission at an energy K e can be expressed by the empirical formula [28] .
where C is a normalisation factor, K av is the average secondary energy at emission, and b and g are fit parameters. From comparisons with the data of Ref. [22] for lead silicate glass, the fit parameters are b ¼ 0:7 and g ¼ 7.
The distribution used in the calculations below is shown in Fig. 3 .
Electron emission angles
The angular distribution of secondary electrons produced by grazing incidence electron impact on amorphous solids is not well known. The distribution is generally assumed to be of an azimuth independent cosine from [12, 29] where, if f is the angle of emission (to the normal of the surface) then the probability of emission is:
A physical basis for this distribution is the large number of collisions undergone by secondary electrons during transport from their generation site to the surface. This hypothesis is supported by Monte Carlo simulations of the SEE process [30, 31] . Some experimental evidence points to a deviation from the distribution of Eq. (6) as the grazing angle of the primary electrons decreases. Goff and Hendee [27] state that the greatest probability of secondary electron emission is back towards the direction of the incident electron beam. This backskewing is attributed to an increase in the probability of inelastic backscattering. There is, however, no available data on the energy dependence of this back-skewing so that in the simulations described below, the secondary electron emission distribution is unchanged from Eq. (6).
The electron energy and angle emission distributions of the nickel electrodes are assumed to be the same as those of the channel glass.
Electric field calculation
The channel electrostatic potential distribution Vðx; yÞ is solved, in the presence of electrode endspoiling and other perturbations, by finite difference methods. The two dimensional potential matrix is first seeded with a potential linearly increasing in x and then Laplace's equation ðr 2 V ¼ 0Þ is solved by four-point Newtonian relaxation, as reported in Ref. [32] . Iteration continues until either the tolerance of 1 Â 10 @2 V is reached or the number of iterations exceeds a preset value (the multiple of the x and y dimensions of the potential matrix).
The array elements are separated by 0.25 mm in x and y so that in a typical geometry, the potential is stored in a 5000 Â 80 element array. Using a 433 MHz Dec Alpha workstation, a typical potential generation takes B8 h. An example is shown in Fig. 4. 
Electron transport
Each avalanche is initiated by a single primary electron of random energy K p in the range 100-600 eV and incident angle a p randomly selected within the channel entrance cone. The model assumes a 20 V electron accelerating potential between the emitter plane and channel entrance plane (and between the exit and collector planes). It has been confirmed that the calculated EDOE and ADOE are independent of the starting conditions.
The grazing angle of the primary is calculated at the position of first strike (x ¼ x 1 in Fig. 1) (5) and (6), respectively. The individual electrons are traced in the potential distribution Vðx; yÞ until they next strike the channel wall (lead silicate glass or nickel electrode) or they exit the channel. The equations of motion are solved at 0.1 ps intervals (the transit time of an electron avalanche in a microchannel is typically 100 ps) using the formulae of Klemperer and Barnett [33] . The calculated ADOE and EDOE typically contain B20 electrons.
Comparison of model with experiment

Linear operation
Figs. 5 and 6 compare experimental EDOE [6] and ADOE [8] data together with our calculations for channels of the same parameters. The calculated EDOE shows very good agreement at low energy, the fit deviating at higher energy. The calculated ADOE has the same width and shape as the measured distribution, but is shifted by @1.01 with respect to the results of Tyutikov and Tsoi. This offset, an artefact of the model being two dimensional, is removed from Fig. 6 so that the otherwise excellent fit can be seen. Despite this two dimensional nature of the Monte Carlo model and the consequent under-estimation of the number of collisions at small a/high d, we do reproduce the salient features of the measured distributions.
Further calculations in 'simple' channel geometries show that increasing the channel electric field strength (decreasing the aspect ratio L=D or increasing the applied bias V o ) increases the number of low energy divergent electrons produced by a channel and vice-versa. In other words, the trend for ADOE to broaden with increased V o [9] is confirmed.
According to Bronshteyn et al. [9] , the halfwidth of the ADOE peak decreases slowly with the degree of end-spoiling h=D. The angular halfwidths measured by these authors lie in the range 5-151. Fig. 7 shows the calculated EDOEs/ADOEs which result from the variation of h=D in a standard channel geometry. Our ADOEs are narrower than those of Ref. [9] , and show no systematic variation with h=D. Increasing the degree and end-spoiling in the model has, however, a marked effect on the EDOE, progressively suppressing the tail of the distribution until, for h=D ¼ 3, the electron energy distribution consists mainly of a sub-10 eV spike. This suppression of high energy electrons is observed experimentally by Koshida [34] for h=D=1, 1.5 and 2.0. Koshida speculated and our model confirms that the electrons in the EDOE peak originate in the constant potential region at the channel exit. Changing P s ð0Þ for the electrode material, for example, directly influences the relative weights of the EDOE spike and tail.
Operation in current saturation
In the previous section we assumed that the input current and channel gain are both low, so that the electric field in the channel is determined only by the applied voltage and the electrode penetration. For high gains, positive wall charging [23] , due to the failure of the channel to replace charge emitted from the wall during the avalanche, acts to reduce the electric field strength at the channel exit.
When the output current I c is a significant fraction of the standing current, I s ¼ V o =R MCP , space charge effects also diminish the electric field. Here, R MCP is the resistance of a microchannel plate. We have extended our ADOE/EDOE model to deal with current saturation, where the formulae of Harris [15] can be used to estimate the variation of the electric field along the channel axis as I c =I s is increased.
It is not realistic to exactly model such a process, since the channel potential would have to be recalculated after each secondary electron emission. Instead, we estimate the steady state potential in the channel and then trace the trajectory of a single electron in the field of many others.
Harris [15] has derived an equation that allows the calculation of the required channel potential. By considering the total current in a channel (wall current plus space current) as a conserved quantity and considering changes in wall conductivity as the avalanche progresses; it can be shown that
where E R is the relative field strength, E o is the field strength at the entrance of the channel, d is the secondary electron yield and A ¼ 1=W, where W is the electron-hole pair creation energy (3.65 eV for Si [35] ). The space current to standing current ratio at a depth x in the channel is
The actual wall current only flows near the surface of the channel where the lead glass has been reduced to a semi-conducting state. Bombardment of this layer of reduced glass with electrons will increase its conductivity via the creation of mobile electrons (secondary electrons that have not yet migrated to the surface and been emitted) and the corresponding holes. Fig. 8 shows the potential and electric field strength as functions of the distance along a uniform channel calculated using Eq. (7). I c =I s B0:6 in this example. This potential function was then used as the initial trial solution Vðx; yÞ for calibration of the channel field in the presence of non-zero endspoiling.
Experimentally, Koshida et al. [6] have found that as I c =I s increases, the fraction of electrons with output energies in excess of 50 eV decreases. Fig. 9 compares in detail the measured [6] and calculated EDOEs for a linear (non-saturated) and saturated microchannel. The agreement between the two is excellent.
Applications of the model
The model, although only two dimensional, produces good agreement with the available experimental data and can thus be used to predict the EDOE and ADOE of unknown channel geometries with some degree of confidence. Examples of interest include:
(i) the influence of alkali halide coatings on the channel walls [6] ; (ii) etched silicon MCPs [36] , provided the secondary electron yield parameters of the channel walls are known.
Proposed channel modifications can be appraised before costly experimental runs. The model also allows encoders to be matched to MCPs with an appropriate output charge cloud for maximum resolution.
A third example, the addition of an electron lens to the microchannel output, is discussed below.
Electron lens
The addition of micro-fabricated electrostatic lenses to the output of each channel on a microchannel plate has been suggested as a means of narrowing the ADOE [37] . The lens structure is shown schematically in Fig. 10 . Fig. 11 shows the potential distribution in such a lens system. Electrons initially parallel to the channel axis have been traced through the potential and weak focusing is observed. In this calculation the first and second electrodes were separated by 150 V; it is not clear if it is possible to implement the electrode structure with such a large voltage over the insulating structure. Raytraces run with lower potential differences indicate a lack of focusing; for electrode potential differences of 70 V or less, mild dispersion is observed.
Results
The EDOE and ADOE resulting from calculations with the lens system in place are shown in Fig. 12 . The ADOEs show there is, unfortunately no discernible focusing effect from the lenses. The EDOEs exhibit a suppressed intermediate-energy region relating to the electrode gap, with electron [6] (left) and calculated (right) changes in EDOE with degree of current saturation. D=12 mm; L=D=40 : 1; V o =1000 V and h=D=0.9. Fig. 10 . Channel exit lens [37] . A conducting electrode is evaporated onto the channel in the normal way to a depth of 2L elec þ L gap . An SiO 2 insulating over-layer of length L elec þ L gap is then deposited, and then finally a second electrode of length L elec . The applied potentials are V first and V second . emission seen from the constant potential regions of both the lens electrodes.
Conclusions
We have developed a two dimensional model of a single microchannel amplifier, including current saturation mode. Energy and angular distributions of electrons in the output charge cloud have been calculated which agree well with experimental evidence.
We have confirmed the important influence of electrode endspoiling on the EDOE and ADOE of a microchannel. Otherwise the distributions are rather robust; that is, largely independent of channel parameters. 
